The control of the interaction of legged robots with their environment is of crucial importance in the design of locomotion controllers. We need to control the effects of the robots movement on the contact reaction forces to prevent slipping, for example. In this contribution, we extend a recent inverse dynamics algorithm for floating base robots to optimize the distribution of contact forces while achieving precise trajectory tracking. The resulting controller is algorithmically simple as compared to other approaches. Numerical simulations show that this result significantly increases the range of possible movements of a humanoid robot as compared to the previous inverse dynamics algorithm. We also present a simplification of the result for practical use on a real robot. Such an algorithm becomes particularly relevant for agile locomotion of robots on difficult terrains where the contacts with the environment are critical, such as walking over rough or slippery terrain.
Introduction
One very important aspect of the design of locomotion controllers for legged robots is the interaction of the robot with its environment through contacts. While it is desirable to handle interaction in a compliant manner to decrease disturbances of the robot at contact it is also important for agility to maintain high trajectory tracking performance. Moreover, it is crucial to control the effects of the robot movements on the contact reaction forces to prevent slipping, for example. These features are of special importance in difficult situations such as walking on ice or climbing.
Traditional position control schemes are problematic for such purposes since they inherently require high gains and therefore high stiffness for good tracking performance. On the other hand, torque control strategies and especially model based approaches such as inverse dynamics controllers are very appealing. Indeed, they allow to significantly lower the gains and therefore allow for more compliant control while they also guarantee high tracking performance. Moreover, they allow to design explicit force controllers 1,2 for the end effectors (e.g. to manipulate the centers of pressure of the hands and legs of a humanoid). Recently, researchers have successfully implemented various torque control schemes for the control of legged robots, for example to control quadruped robots 1, 3 or humanoid robots.
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However, many of these approaches suffer practical implementation problems such as getting accurate dynamic models or estimating contact forces.
As it was shown for manipulators, 6 this can lead to degraded performance especially in cases where an inversion of the inertia matrix is required. This performance is expected to be even worse in the case of a floating base system a such as walking robots where accurate parameters estimation and force measurements are problematic.
Recently Mistry et al. 3 presented an inverse dynamics algorithm for floating base robots. It is based on orthogonal decomposition of the Jacobian of the contacts with the environment (which we refer also as the constraint Jacobian). This method is applicable when there are at least 6 linearly independent constraints (e.g. when one foot is on the ground). This algorithm requires only the inversion of kinematic quantities, which are easier to estimate than kinetic parameters and handles constraint switching (e.g. from single to double support). It was successfully applied to control a simulated humanoid robot and a real quadruped robot walking over rough terrain.
1,3 However, some aspects of the general formulation of the controller such as how it relates to other control methods, how to achieve optimal contact forces distribution or how to handle underconstrained cases remain unclear.
In this contribution we extend the previous algorithm to address optimal distribution of the contact forces. Numerical simulations show that this result significantly increases the range of possible movements of a humanoid robot. We also present a simplification of the result for practical use on a real system. Such an algorithm becomes particularly relevant when performing locomotion tasks on difficult terrains, such as walking over rough or slippery terrain.
a We refer to floating base systems when robots are not fixed to the ground and therefore are underactuated since they have n + 6 DOFs for n actuators. The 6 DOFs describe the position and orientation of the base relative to an inertial frame.
Inverse dynamics controller

QR Decomposition for inverse dynamics
The equations of motion of a robot in contact with the environment are
under the constraint condition that parts of the robot in contact with the environment do not move
where
T is the vector of generalized coordinates decomposed in joint and base components,
is the rigid body dynamics (RBD) inertia matrix partitioned according to joints and base components, h is the vector that captures gravitational, Coriolis and centrifugal forces, τ is the torque actuation vector, S T = [I; 0] is the joint actuation selection matrix, J c is the Jacobian of contacts and λ is the vector of constraint forces.
We assume that there are at least k ≥ 6 linearly independent constraints. Then by using the QR decomposition of the Jacobian J c T = Q R T 0 T , the general solution for the inverse dynamics torques given desired accelerationsq d was shown to be
is a right weighted pseudo inverse with weight W and τ int is an arbitrary internal torque (i.e. a torque that does not create motion but internal forces when there are more than 6 constraints, i.e. rank(J c ) > 6).
In over-constrained cases, such as a humanoid in double support, or with one foot and one hand in contact with the environment, there is an infinite number of torque vectors that can be chosen to achieveq d . It depends on the choice of W as well as the choice of internal torques τ int (e.g. to control the centers of pressure 2 ).
Minimizing ground reaction forces
The main result of this contribution is that by choosing the following parametrization for the inverse dynamics controller
we minimize the cost function
which is the minimization of the constraint forces as it can be derived using the Gauss principle of least action. This minimizes the difference between the accelerations of the constrained mechanical system and the accelerations that would occur in the unconstrained case. It will remove reaction forces that are not necessary to satisfy the constraints. Moreover in case of a slip the resulting robot accelerations will thus be minimized.
Proof. We have the following optimization problem
under the constraint that τ must be of the form of Equation 3. Noting that this equation is the general solution of a linear system of equations, the constraint can be written as this linear system
Denoting A = S u Q T , we get the following Lagrangian for the constrained optimization problem
where α is the vector of Lagrange multipliers. Using the fact that J c T λ = Mq + h − S T τ , we compute the necessary conditions for optimality as
Solving for τ we get
we insert this solution in the constraint condition (Eq. 8) and solve for α
Inserting back into Equation 11 gives the following solution for the controller
with
which completes the proof.
We show in the following that the internal torque can be neglected and that the weight can be simplified without degradation of the performances.
Practical implementation and physical simulations
The inverse dynamics controller is evaluated on a physical simulation of a human-sized humanoid robot. We test four variations of the new controller in comparison with the non weighted controller (cf. Table 1 ). We first simplify the optimal controller by removing the internal torque, then by simplifying the weight. All the tests are done using an operational space Table 1 . Controllers tested in the numerical simulations.
Controller
Weight
controller for the position of the base of the robot (i.e. its trunk) together with a control of a default posture for the joints in the nullspace. The full state constraint consistent desired accelerationsq d are computed as As a first experiment the controller tracks an ellipsoid in 3 dimensions (i.e. the 3 Cartesian coordinates of the base follow sine trajectories) at a frequency of 0.25 Hz. The goal of this experiment is to compare the cost G C of the different controllers and their tracking performances. The results of the experiment are shown in Figure 1 . We see that the various controllers achieve similar good tracking performances. From the experiments there is a clear difference in the cost G C between the original controller (Controller 5) and the controllers developed in this contribution (Controller 1-4) while there is no clear differences between the original and the simplified versions of the optimal controller. During some part of the movement, the cost G C is decreased to more than 50% compared to the original controller.
We also notice that while the weighting implies a different distribution in the actuation, the total torque cost τ T τ does not vary significantly. We also show in this figure the distribution of the reaction forces on the foot. We see that for the weighted controllers the forces on the foot tend to be more evenly distributed than for the non weighted case, thus reducing the moments created on the foot and improving stability. In the second experiment, we want to illustrate the increase in the range of movement of the robot when using the new controller. In this experiment, the position of the base tracks an ellipsoid in the lateral plane (i.e. x-z coordinates follow sine trajectories while the y coordinate is constant) at a frequency of 0.5 Hz. We search for each controller the maximum amplitude of the sine trajectory of the height of the base (z coordinate) while the amplitude for the x coordinate remains fixed such that the robot does not fall. We found that the non weighted controlled (Controller 5) is limited to a small amplitude compared to the other controllers (Controller 1-4) which achieve the same maximum height amplitude. Figure 2 shows the positions of the robot at the extrema of the movement for the various controllers.
Controllers 1-4 achieve similar performances. Thus it seems that we can choose as a controller for practical implementation Controller 4 which uses as a weight for the pseudo inverse the diagonal elements of the RBD inertia matrix associated to the joints. This is an interesting result since these elements are simpler to evaluate than the off-diagonal elements and there is no need to inverse the RBD inertia matrix. Furthermore the new controllers, while achieving good tracking performance, significantly improves the range of movements of the robot by distributing forces on the feet more evenly.
Discussion
The main result of this contribution is the extension of a previous inverse dynamics controller for floating base robots 3 in order to achieve optimal distribution of the contact forces. The controller performs an optimal distribution of the ground reaction forces following Gauss principle of least action. From that point of view the controller can be viewed as a floating base version of the fixed base Gauss control.
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Experiments showed that this weighting significantly improves the range of possible movements of the robot. Moreover the internal torque is not necessary and the weighting matrix can be further simplified such that only diagonal elements of the inertia matrix are necessary without inversion. Compared to previous approaches 4 which make an extensive use of the inverse of the inertia matrix, our controller is algorithmically simpler and more robust to errors in the dynamic parameters estimation since the weight matrix can be extremely simplified with little performance degradation. Therefore it might be of great utility for an implementation on real robots.
While this result is of particular interest for locomotion of robots on difficult terrains where the contacts with the environment are critical, we still need to pursue further the experimental testing of the approach. Indeed despite we minimize reaction forces, we do not have guarantees that the reaction forces will be consistent with physically relevant parameters such as cone of friction. Our future work will concentrate on the validation of the controller on real robotic platforms for dynamic tasks on various terrains.
